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We discover a transition from extended to localized quasi-modes for light in a gas of immobile
two-level atoms in a magnetic field. The transition takes place either upon increasing the number
density of atoms in a strong field or upon increasing the field at a high enough density. It has
many characteristic features of a disorder-driven (Anderson) transition but is strongly influenced
by near-field interactions between atoms and the anisotropy of the atomic medium induced by the
magnetic field.
The transition from extended to localized eigenstates
upon increasing disorder in a quantum or wave system is
called after Philip Anderson who was the first to predict
it for electrons in disordered solids [1]. More recently,
this transition was studied for various types of quan-
tum particles (cold atoms [2], Bose-Einstein condensates
[3]) as well as for classical waves (light [4–6], ultrasound
[7, 8]). In the most common case of time-reversal sym-
metric systems invariant under spin rotation Anderson
transition takes place for a three-dimensional (3D) dis-
order only, eigenstates of low-dimensional systems being
always localized [9, 10]. Anderson localization of light
may find applications in the design of future quantum-
information devices [11], miniature lasers [12] and solar
cells [13]. However, no undisputable experimental obser-
vation of optical Anderson transition in 3D exists to date
since alternative explanations were proposed for all pub-
lished reports of it [14–16]. Moreover, we have recently
shown that the simplest theoretical model in which light
is scattered by point scatterers (atoms) does not predict
Anderson localization of light at all [17].
In the present Letter we show that an external mag-
netic field may induce a transition between extended and
localized states for light in a gas of cold atoms. Mag-
netic field is an important and unique means of con-
trolling wave propagation in disordered media. On the
one hand, it breaks down the time-reversal invariance
leading to a suppression of weak localization in elec-
tronic [18] and optical [19] systems and to metal-insulator
transitions in topological insulators [20]. On the other
hand, by profoundly modifying the scattering properties
of individual scatterers the magnetic field can produce
an enhancement of the coherent backscattering peak for
light scattered by atoms with a degenerate ground state
[21, 22]. Our work adds a new element in the mosaic of
magnetic-field-induced phenomena in disordered systems
by demonstrating that the removal of degeneracy of the
excited atomic state due to the Zeeman effect and the re-
sulting reduction of the strength of resonant dipole-dipole
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interactions between nearby atoms [23] are sufficient to
induce a transition from extended to localized states in
a dense atomic system where Anderson localization does
not take place in the absence of the field [17]. This crit-
ical phenomenon stands out from other magneto-optical
effects that take place in disordered media (including also
the photonic Hall effect [24] and Hanle effect in coherent
backscattering [25]) which only give rise to weak correc-
tions to wave transport.
We consider an ensemble of N  1 identical two-level
atoms at random position {ri} inside a spherical volume
V of radius R. The resonant frequency ω0 of atoms de-
fines the natural length scale 1/k0 = c/ω0, where c is
the vacuum speed of light. The ground state |gi〉 of an
isolated atom i is nondegenerate with the total angular
momentum Jg = 0, whereas the excited states |ei〉 is
three-fold degenerate with Je = 1. The three degenerate
substates |eim〉 correspond to the three possible projec-
tions m = 0, ±1 of the total angular momentum Je on
the quantization axis z. The natural lifetime 1/Γ0 of the
excited state sets the time scale of the problem. The
atoms are subject to a uniform magnetic field B ‖ z and
interact with the free electromagnetic field surrounding
them. The system “atoms + field” is described by the
following Hamiltonian [22, 26, 27]:
Hˆ =
N∑
i=1
1∑
m=−1
h¯ω0|eim〉〈eim|+
∑
s⊥k
h¯ck
(
aˆ†ksaˆks +
1
2
)
−
N∑
i=1
Dˆi · Eˆ(ri) + 1
20
N∑
i6=j
Dˆi · Dˆjδ(ri − rj)
+ geµBB · Je. (1)
Here h¯ is the Planck’s constant divided by 2pi, k and s
are the wave and the polarization vectors of the modes
of the free electromagnetic field, aˆ†ks (aˆks) are the cor-
responding creation (annihilation) operators, Dˆi are the
atomic dipole operators, Eˆ(ri) is the electric displace-
ment vector divided by the vacuum permittivity 0, µB
is the Bohr magneton, and ge is the Lande´ factor of the
excited state.
Previous work [28, 29] demonstrated that in the ab-
sence of magnetic field (B = 0), the degrees of freedom
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2FIG. 1. Complex eigenvalues Λ of a representative random
realization of the Green’s matrix for N = 8 × 103 two-level
atoms in a strong magnetic field (∆ = 103) at low (a) and
high (b) densities of atoms.
corresponding to the electromagnetic field can be traced
out leading to an effective Hamiltonian describing the dy-
namics of N atoms coupled by the electromagnetic field.
This effective Hamiltonian takes the form of a 3N × 3N
Green’s matrix G describing the propagation of light be-
tween the atoms [17]. The same approach can be used
when B 6= 0 leading to the following Green’s matrix:
Geimejm′ = (i− 2m∆) δeimejm′ −
2
h¯Γ0
(1− δeimejm′ )
×
∑
µ,ν
dµeimgid
ν
gjejm′
eik0rij
r3ij
×
{
δµν
[
1− ik0rij − (k0rij)2
]
− r
µ
ijr
ν
ij
r2ij
[
3− 3ik0rij − (k0rij)2
]}
, (2)
where ∆ = geµBB/h¯Γ0 is the Zeeman shift in units of
the natural line width, deimgi = 〈Jem|Dˆi|Jg0〉, and rij =
ri − rj .
In the absence of magnetic field (B = 0) the eigen-
values of the Green’s matrix G concentrate in a roughly
circular domain on the complex plane roughly symmet-
ric with respect to the vertical axis ReΛ = 0 and almost
touching the horizontal axis ImΛ = 0 [17, 30]. The field
splits the eigenvalues into three equal groups centered
around ReΛ = −2m∆ (m = 0, ±1) [31], see Fig. 1. The
three groups of eigenvalues become well separated in the
limit of strong magnetic field ∆ 1 to which we will re-
strict our consideration in the present Letter. Although
at a low density ρ = N/V the three groups of eigen-
values are similar [Fig. 1(a)], the groups corresponding
to m = ±1 start to differ significantly from the m = 0
group at higher densities [Fig. 1(b)]. In particular, the
m = ±1 groups of eigenvalues develop “holes” that were
previously associated with Anderson localization in the
framework of the scalar model of wave scattering [32, 33].
To see whether localized states indeed appear at high
densities of atoms, we analyze the inverse participation
ratios (IPRs) of eigenvectors ψn of the Green’s ma-
trix G, IPRn =
∑N
i=1 |ψnei |4/ (
∑N
i=1 |ψnei |2)2, where
|ψnei |2 =
∑1
m=−1(ψnei)
2
m is the square of the length of
the vector ψnei = {(ψnei)m}. Low IPR ∼ 1/N corre-
sponds to an extended state whereas IPR ∼ 1/M > 1/N
signals a state localized on M < N atoms. Figure 2(a)
shows that at low density of atoms most of the eigen-
vectors have low IPRs with the eigenvectors localized on
pairs of closely located atoms being an exception. These
“subradiant” states exist at any density and should be
distinguished from localized states that are due to the
multiple scattering of light on many atoms and that ap-
pear at higher densities in relatively narrow bands of fre-
quencies ReΛ on the left from the resonances ReΛ = ±2∆
[see Fig. 2(b)]. These states may have smaller IPRs than
the subradiant states but they have significantly longer
lifetimes (i.e. smaller ImΛ).
The appearance of states localized on large clusters of
atoms in a magnetic field is due to the removal of de-
generacy of the excited states |ei〉 by the field. As a re-
sult, the transitions |gi〉 → |eim〉 effectively decouple for
different m since photons scattered on these transitions
have frequencies discrepant by ≈ 2geµBB/h¯  Γ0. As
a consequence, a behavior similar to the scalar case may
be expected for a given m with, in particular, localized
states appearing at high densities of atoms as found in the
scalar model [17]. However, as follows from Fig. 2, this
naive picture is largely oversimplified because it does not
explain the absence of localized states near ReΛ = 0 cor-
responding to m = 0. A more detailed study shows that
indeed, the full vector problem can be reduced to an ef-
fective scalar one in the limit of strong magnetic field, but
the effective Green’s matrix following from this analysis
is different from the one corresponding to scalar waves.
We have found that for ∆ 1, the group of eigenvalues
corresponding to a given m can be approximately found
by diagonalizing the effective N ×N Green’s matrix
Gij = (i− 2m∆) δij + (1− δij)e
ik0rij
k0rij
×
{
cm
[
1− (−1)m cos2 θ]
+ cm(−1)m
[
i
k0rij
− 1
(k0rij)2
]
(1− 3 cos2 θ)
}
, (3)
where cm = (3/8)[3 + (−1)m] and θ is the angle between
rij and the z axis.
Equation (3) explains the differences between m = 0
and m = ±1 seen in Figs. 1 and 2. First, the far-field con-
tribution to Gij given by the second line of Eq. (3) varies
from 0 to 1 for m = 0 and from 12 to 1 for m = ±1 as a
function of θ. It is thus closer to its scalar-wave value of
1 in the former case, suggesting that the case of m = ±1
may be better approximated by the scalar model than
the case of m = 0. Second, the near-field term [the third
line of Eq. (3)] is a factor of two smaller for m = ±1 than
for m = 0. Because near-field terms responsible for res-
onant dipole-dipole interactions between nearby atoms
3FIG. 2. Gray-scale maps of the average IPR at low (a) and high (b) densities of atoms in a strong magnetic field ∆ = 103.
Dashed lines show lines along which the eigenvalues of a two-atom system would be situated for atoms placed along the direction
of magnetic field (θ = 0) or perpendicular to it (θ = pi
2
). For 0 < θ < pi
2
the corresponding eigenvalues are in between the two
lines. The gray level of each small square in the figure is obtained by averaging over IPR of all eigenvalues that fall inside the
square for 16 different realizations of the random Green’s matrix.
suppress light scattering [34, 35] and prevent Anderson
localization [17], their weakness for m = ±1 is an ad-
vantage. We see therefore that both far- and near-field
features of Eq. (3) are closer to its scalar approximation
for m = ±1 than for m = 0. This explains the appear-
ance of localized states for m = ±1 rather than for m = 0
transitions.
To have a quantitative characterization of the local-
ization transition demonstrated in Fig. 2, we compute
the Thouless number g = δω/∆ω that we define as a
ratio of the inverse of the average lifetime of eigenstates
δω = 〈1/ImΛ〉−1 to the average eigenvalue spacing along
the horizontal axis ∆ω = 〈ReΛn − ReΛn−1〉 [9, 17, 36].
At a given ReΛ, g reaches small values g < 1 expected
for localized states only at large densities corresponding
to k0`0 = k
3
0/6piρ < 1 and only for ReΛ corresponding to
m = ±1 (see Fig. 3), in agreement with Fig. 2. The inde-
pendence of g from the sample size at the points where
curves corresponding to the same value of ReΛ but differ-
ent N cross—a hallmark of critical behavior—is further
illustrated in Fig. 4 where we reproduce g(k0`0) for ReΛ
slightly shifted to the left of the single-atom resonances
ReΛ = −2m∆. The localization transition is also ev-
idenced by the scaling function β(g) = ∂ ln g/∂ ln k0R
[9] shown in the insets of Fig. 4. β(g) changes sign for
ReΛ = −2002 and 1998 but not for ReΛ = −2 prov-
ing that the localization transition takes place at large
frequency shifts ReΛ ≈ ±2∆ but not around the funda-
mental resonance ReΛ = 0.
The localization transition reported here takes place
under conditions when not only the disorder-induced
multiple scattering of photons is strong but cooperative
effects leading to Dicke super- and sub-radiance [37] and
resonant dipole-dipole interactions between neighboring
atoms [34, 35] are important as well. Therefore, despite
its overall similarity with the Anderson transition (see
also Ref. [38]), it remains to be seen if this transition can
be classified as such. Nonetheless, for light of a given fre-
quency ω = ω0 − (Γ0/2)ReΛ the localized regime g <∼ 1
is realized only in the intermediate range of k0`0 (e.g.,
k0`0 ≈ 0.1–0.4 for ReΛ = −2002 in Fig. 4) which corre-
sponds to large sizes of the atomic cloud k0R > 1 (e.g.,
k0R ≈ 15–24 at N = 8000). Hence, the localized states
disappear in the Dicke limit k0R < 1 when the cooper-
ative effects dominate. This suggests that the latter are
not the main driving force behind the reported localiza-
4FIG. 3. Thouless number g as a function of the bare Ioffe-Regel parameter k0`0 = k
3
0/6piρ for a strong magnetic field ∆ = 10
3.
The curves are obtained by averaging over a unit interval of ReΛ around their positions and over 50, 25 or 16 realizations of
random positions of N atoms for N = 2000, 4000 and 8000, respectively. Different curves at the same value of ReΛ correspond
to different numbers of atoms N . The gray plane corresponds to g = 1.
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FIG. 4. Same as Fig. 3 but for selected values of ReΛ = −2002(a), −2(b) and 1998(c). The insets show the scaling function
β(g) estimated from the numerical data of the main plots.
tion transition.
In conclusion, we have found that the magnetic field
can induce a transition from extended to localized states
for light in an ensemble of identical immobile two-level
atoms. This is due to the removal of degeneracy of the
excited atomic state by the field and the resulting par-
tial suppression of resonant dipole-dipole interactions be-
tween nearby atoms. Our theoretical predictions can be
directly verified in experiments with, e.g., Sr atoms that
have a nondegenerate ground state and were already used
to study multiple scattering of light [39]. Theoretical
analysis of light scattering in dense clouds of alkali atoms
(such as, e.g., Rb85) is, however, much more involved
[35, 40] and our results cannot be trivially extended to
this case.
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6Supplemental Material
We present additional evidence for the localization transition reported in the main text. In
particular, we provide more details about the evolution of IPR maps shown in Fig. 2 with the
number density of atoms, analyze the minimum value of the decay rate of quasi-modes, and
study the suppression of eigenvalue repulsion due to the appearance of localized quasi-modes.
In addition, we discuss some of the subtle details of light scattering in magnetic field and show
that “escape channels” that appear in the atomic medium in the magnetic field due to photons
with certain combinations of polarization and propagation direction do not shorten the lifetime
of excited atomic states.
The primary purpose of this Supplemental Material is
to characterize the localization transition reported in the
main text in more detail and to show that, in many as-
pects, it exhibits the behavior expected for the Anderson
transition driven by disorder (section I). We start by an-
alyzing the density dependence of IPR of eigenvectors
of the Green’s matrix (2) complementing the results pre-
sented in Fig. 2 (section I A). Then we study the behavior
of the minimum decay rate of quasi-modes (section I B).
Finally, the statistics of nearest eigenvalue spacings and
the phenomenon of eigenvalue repulsion are addressed
in section I C. In section II we discuss some of the sub-
tleties of light scattering by atoms in a magnetic field
and, in particular, show by analyzing emission and ab-
sorption diagrams of individual atoms that photons that
can propagate in the atomic medium without scattering
due to a special relation between their polarization and
propagation direction do not influence the lifetime of the
excited atomic states.
I. EVIDENCE FOR THE LOCALIZATION
TRANSITION
A. Inverse participation ratio
It is instructive to analyze how IPR (see the main text)
of eigenvectors of the Green’s matrix (2) evolves when the
number density of atoms increases [S11]. In addition to
gray-scale IPR maps presented in Fig. 2, we show false
color maps of the logarithm of average IPR at several
additional densities in Figs. S1 and S2. The color scale
of these figures allows distinguishing between the subra-
diant states localized on pairs of closely located atoms
that appear in red and states localized on larger clusters
of atoms that show up in other colors from the orange to
the light blue. Figure S1 clearly shows that for the states
that correspond to eigenvalues with ReΛ close to 0 (the
cloud of eigenvalues corresponding to m = 0, see the
main text), IPR maps do not change qualitatively when
the density increases from ρ/k30 = 0.01 to 1.5. The cloud
of eigenvalues grows in size, states localized on pairs of
atoms (IPR = 12 ) show up along the two-atom subradiant
branches shown by dashed lines in Fig. 2, but no local-
ized states with very small decay rates ImΛ appear upon
increasing the density. States with significant IPRs in the
middle of the eigenvalue cloud, near ReΛ ' −2 (visible
in white and yellow for ρ/k30 > 0.1) are not sufficient to
reach g < 1 and, most importantly, do not show critical
behavior [the curves g(k0`0) corresponding to different
N do not cross and β(g) does not change sign in Figs. 3
and 4]. In contrast, for the eigenvalues with ReΛ close
to ±2∆, IPR maps change qualitatively with increasing
density and a band of localized states with very small
decay rates ImΛ appears for densities ρ/k30
>∼ 0.1 (see
Fig. S2 for m = 1, a similar scenario takes place around
ReΛ = 2000 for m = −1). The band widens and starts
to disappear by merging with the two-atom subradiant
branch for ρ/k30
>∼ 1.
Figures S1 and S2 clearly demonstrate the advantage
of analyzing properties of eigenvectors of the Green’s ma-
trix as a function of both the real and imaginary parts
of the corresponding eigenvalues instead of projecting on
one of the axes (ReΛ or ImΛ). The two-atom subradiant
states typically have large frequency shifts with respect to
single-atom resonances ReΛ = −2m∆ whereas the non-
trivial states localized on larger clusters of atoms appear
for near-resonant ReΛ. Hence, the two types of states
are clearly separated on the complex plane and can be
distinguished. This advantage is lost when a projection
on one of the axes, and, in particular, on the imaginary
axis, is performed. In this case one observes a depen-
dence that is due to both the two-atom subradiant states
and the states localized on larger atomic clusters. The
two cannot be disentangled anymore.
Before closing up the discussion of IPR maps shown in
Figs. S1 and S2 we would like to attract the attention of
the reader to the fact that the correspondence between
small decay rates ImΛ and the localized nature of the
corresponding states should be used with care. Indeed,
even if it might seem natural that localized states should
have small decay rates and, vice versa, that small decay
rates are likely to correspond to states localized in space,
we see from Figs. S1 and S2 that states with a signifi-
cant IPR (e.g., white squares) systematically appear at
large ImΛ and even at ImΛ > 1 which corresponds to
lifetimes which are even shorter than the lifetime of the
excited state of an isolated atom. Therefore, making any
conclusions about the spatial structure of eigenvectors
of the Green’s matrix based uniquely on the analysis of
eigenvalues Λ (as it was done in Refs. [S1–S3], for exam-
ple) is dangerous and should necessarily be supported by
the analysis of eigenvectors themselves, similarly to the
analysis that we present in Fig. 2 and Figs. S1 and S2.
7FIG. S1. False color maps of the logarithm of average IPR at 6 different densities for the part of spectrum near ReΛ = 0. The
color of each small square in the figure is obtained by taking the logarithm of the IPR averaged over all eigenvalues that fall
inside the square for 6 different realizations of the random Green’s matrix. The deep blue color corresponds to the parts of the
complex plane where IPR ≤ 1/N or where no eigenvalues were found.
FIG. S2. Same as Fig. S1 but for the part of spectrum near ReΛ = −2000.
8FIG. S3. Average value of the minimum value of the dimen-
sionless decay rate ImΛ shown as a function of the number
of atoms N multiplied by the dimensionless atomic density
ρ/k30 in a strong magnetic field (∆ = 10
3) for three different
N . The numerical data (symbols) are averaged over 50, 25
and 18 realizations for N = 2000, 4000 and 8000, respectively.
The dashed straight line shows the expected result (S1) in the
low-density regime. The faster decay of 〈min(ImΛ)〉 at higher
densities is fitted to Eq. (S2) as explained in the text.
B. Minimum decay rate
Let us first remind that the complex eigenvalues Λn
of the Green’s matrix defined by Eq. (2) of the main
text yield eigenfrequencies ωn = ω0 − (Γ0/2)ReΛn and
decay rates Γn/2 = (Γ0/2)ImΛn of the quasi-modes ψn
of the atomic system. The temporal evolution of the
quasi-mode ψn obeys ψn ∝ exp[−iωnt − (Γn/2)t]. The
probability distribution p(ImΛ) of dimensionless decay
rates ImΛ contains important information about the na-
ture of quasi-modes in the system although it cannot be
considered as the only proof of any statement concerning
the spatial structure of the modes (extended, localized,
etc., see the discussion at the end of the previous subsec-
tion). However, once the existence of spatially localized
modes is demonstrated by studying the eigenvectors of
the Green’s matrix (see Fig. 2 and Figs. S1 and S2),
for a mode ψn that is weakly coupled to the exterior of
the disordered sample one can assume Γn ∝ |ψn(rs)|2,
where rs is the “typical” point at the open surface of the
medium [S4]. Because for a mode localized deep inside
a disordered sample rs ∼ R, where R is the size of the
sample, the exponential decrease of Γn with R may be
considered as a signature of exponential localization of
the mode ψn in space.
In order to focus our attention on the modes that have
the smallest decay rates, we analyze the average value
of the minimum dimensionless decay rate ImΛ. In the
absence of magnetic field, a scaling
〈min(ImΛ)〉 ∝ (Nρ/k30)−2/3 (S1)
was derived for this quantity in the low-density regime in
FIG. S4. Average absolute value of the real part of Λ at
which the minimum of ImΛ shown in Fig. S3 is attained,
as a function of the dimensionless atomic density ρ/k30 in a
strong magnetic field (∆ = 103) for three different N . The
numerical data (symbols) are averaged over 50, 25 and 18
realizations for N = 2000, 4000 and 8000, respectively. The
dashed horizontal line shows 〈|ReΛmin|〉 = 2∆ expected in
the intermediate density regime in which nontrivial localized
states appear in the system.
the scalar approximation [S5] and in the full vector model
[S6]. This scaling was further confirmed by independent
numerical simulations [S3]. Moreover, Eq. (S1) that is
due to subradiant states localized on pairs of closely lo-
cated atoms, was shown to hold at any density for the
vector case [S3]. In the presence of a strong magnetic
field, however, Fig. S3 shows a breakdown of Eq. (S1)
at sufficiently high densities ρ/k30
>∼ 0.1. In the region
0.06 <∼ ρk30 <∼ 0.2 the numerical data for all N can be fit
by a phenomenological formula
〈min(ImΛ)〉 ∝ 1
R
exp
[
− R
ξ(ρ)
]
(S2)
with a density-dependent localization length ξ(ρ) ∝ |ρ−
ρc|−ν . Figure S3 shows fits obtained with reasonable val-
ues ρc/k
3
0 = 0.041 and ν = 1.11. It is important to note
that these fits do not allow determining the critical den-
sity ρc and the critical exponent ν with any acceptable
precision because fits of similar quality can be obtained
for a range of values ρc/k
3
0 = 10
−2–10−1 and ν = 1–2.
They witness, however, that our numerical data are com-
patible with the exponential decay of 〈min(ImΛ)〉 with
sample size R beyond a certain critical value of density,
which is one of the signatures of exponential localization
of eigenstates expected for the disorder-induced (Ander-
son) localization mechanism.
It is also instructive to see at which value of ReΛ the
minimum values of ImΛ shown in Fig. S3 are attained.
As we show in Fig. S4, the average value of |ReΛmin|
at which ImΛ is minimized first grows with density to
very large values 〈|ReΛmin|〉 ∼ 104 before abruptly drop-
ping to an N -independent value 〈|ReΛmin|〉 = 2∆ at
ρ/k30 ∼ 0.1. The fast initial growth of 〈|ReΛmin|〉 with
9density takes place in the regime in which 〈min(ImΛ)〉
is due to subradiant states localized on pairs of closely
located atoms and decays as a power-law with Nρ/k30
(see Fig. S3). These subradiant states typically have
large frequency shifts corresponding to large values of
|ReΛ|. However, we clearly see that for ρ/k30 >∼ 0.1 the
nature of states that have minimum decay rates changes
abruptly. Now 〈min(ImΛ)〉 is dominated by the states
localized on larger clusters of atoms (see Fig. 2 and Figs.
S1 and S2) that have frequency shifts ReΛ ≈ ±2∆ [S12].
This situation is preserved until a sufficiently high den-
sity (ρ/k30 ∼ 1 in Fig. S4) at which the localized states at
ReΛ ≈ ±2∆ start to disappear and 〈min(ImΛ)〉 becomes
dominated by the same subradiant states as in the low-
density limit. This change of regime is also witnessed by
〈min(ImΛ)〉 that grows with density and approaches the
line 〈min(ImΛ)〉 ∝ (Nρ/k30)−2/3 for ρ/k30 >∼ 1 (see Fig.
S3).
C. Eigenvalue repulsion
A well-known impact of localized states on the spec-
trum of a random matrix (or, more generally, of a disor-
dered system) is the suppression of the so-called eigen-
value (or level) repulsion phenomenon. In brief, an
Hermitian matrix (or a closed disordered system) with
extended eigenstates is expected to exhibit eigenvalue
(level) repulsion: the probability density function of
spacings between nearest eigenvalues Λi and Λi+1 [S13],
|∆Λ| = |Λi+1−Λi|, goes to zero for ∆Λ→ 0 [S7]. This is
due to the mutual orthogonality of eigenvectors of an Her-
mitian matrix that forbids that two extended eigenvectors
correspond to the same eigenvalue. The appearance of lo-
calized states leads to the suppression of the eigenvalue
repulsion because two states localized far from each other
can now correspond to the same eigenvalue and |∆Λ| can
become arbitrary small.
The concept of eigenvalue repulsion can be generalized
to non-Hermitian matrices [S8]. The eigenvalues Λ are
now complex but for each Λi the nearest eigenvalue Λj
can still be identified as the eigenvalue that minimizes
the distance between the two eigenvalues on the complex
plane |∆Λ| = |Λi − Λj |. For the Ginibre’s ensemble of
random matrices [S14], the probability density function
of normalized eigenvalue spacings s = |∆Λ|/〈|∆Λ|〉 is
found to be [S8]
p(s) =
34pi2
27
s3 exp
(
−3
2pi
24
s2
)
. (S3)
We see that p(s) → 0 for s → 0 which means that two
complex eigenvalues avoid being too close to each other
on the complex plane. Importantly, the mutual repulsion
of eigenvalues is stronger than it would be for the Pois-
sonian random process on the plane that would lead to
p(s) ∝ s exp(−pis2/4) [S8].
We now compute the probability density of normalized
nearest eigenvalue spacings p(s) for the complex eigenval-
ues Λ of the Green’s matrix (2) and compare the results
obtained for unit bands of ReΛ centered at ReΛ = −2
(where no localization transition is expected according to
Fig. 2 and Fig. S1) and at ReΛ = −2002 (where we do
expect a localization transition). To avoid the influence
of irrelevant superradiant states with ImΛ > 1, we limit
our analysis to eigenvalues with ImΛ < 1. As can be
seen from Figs. S5 and S6, at a low density ρ/k30 = 0.01
the probability density p(s) is close to the behavior pre-
dicted by Eq. (S3) independent of the frequency interval
under consideration. This can be understood from the
fact that at small densities the atomic positions ri are
far apart so that most of the elements of the Green’s ma-
trix (2) become effectively uncorrelated due to the large
phases k0|ri − rj |  2pi. Statistical properties of the en-
semble of Green’s matrices thus approach those of the
Ginibre’s ensemble for which Eq. (S3) was derived. In
particular, the eigenvalue repulsion is clearly observed in
both frequency intervals. At larger densities, however,
the behaviors of p(s) computed for ReΛ around −2 and
around −2002 differ significantly. As we see from Fig. S5,
for ReΛ around −2 where no localization transition is ex-
pected, p(s) attains a roughly universal shape already for
ρ/k30 ∼ 0.1. This shape hardly changes when the density
is further increased. In contrast, for ReΛ around −2002
where a localization transition takes place, we clearly ob-
serve that p(s) acquires an increasingly important weight
at small s when the density is increased up to ρ/k30 ≈ 0.2
(see Fig. S6). We interpret this increase of p(s) for small
s as a suppression of eigenvalue repulsion due to the ap-
pearance of localized states. Further increase of density
restores level repulsion signaling that the system leaves
the localized regime and returns to the situation in which
the eigenstates are extended. This picture becomes even
more obvious if one looks at the cumulative distribution
function P (s), i.e. at the probability for the normalized
nearest eigenvalue spacing to fall below a given s,
P (s) =
s∫
0
p(s′)ds′. (S4)
In Fig. S7 we show P (s) for a small value of s = 0.1
as a function of atomic number density. The difference
between the two intervals of ReΛ under study as well as
an important suppression of eigenvalue repulsion leading
to a more than ten-fold increase of P (0.1) around ρ/k30 ≈
0.2 are obvious.
II. REMARKS ON LIGHT SCATTERING BY
ATOMS IN A MAGNETIC FIELD
The results obtained in the main text of the Letter
follow from the analysis of the exact 3N × 3N Green’s
matrix (2) that take into account all the complex physical
phenomena that take place in light scattering by atoms
and relies on quite a limited number of reasonable ap-
proximations (see the main text and Refs. [17], [28], [29]).
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FIG. S5. Probability density of normalized spacings s = |∆Λ|/〈|∆Λ|〉 of complex eigenvalues Λ of the Green’s matrix (2) at
a strong magnetic field ∆ = 103. Only the eigenvalues with −2.5 < ReΛ − 1.5 and ImΛ < 1 were taken into account. The
probability density (S3) expected for the Ginibre’s random matrix ensemble is shown by the dashed line.
FIG. S6. Same as Fig. S5 but for eigenvalues with −2002.5 < ReΛ < −2001.5.
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FIG. S7. The value of the cumulative distribution function of
the nearest eigenvalue spacing P (s) computed from the data
of Figs. S5 and S6 is shown at a given small value of s = 0.1
as a function of atomic number density for two intervals of
ReΛ.
However, when trying to understand these results quali-
tatively, a number of legitimate questions may arise con-
cerning the microscopic details of physical processes at
work and their interplay. In this section, we provide el-
ements of answers to a couple of such questions that we
anticipate.
One might argue that given the decoupling of transi-
tions corresponding to different m = 0, ±1 in a strong
magnetic field,—the decoupling that is rigorously con-
firmed by the existence of the effective scalar Green’s
matrix (3) that describes scattering on each transition
separately from the others,—light may escape from the
medium along some special directions in which it has
“wrong” polarization and cannot be scattered by the
transition corresponding to its frequency. Indeed, imag-
ine a photon emitted by an atomic excited state corre-
sponding, say, to m = 1. The photon will be resonant
with the same transition of the next atom on its way,
but can be scattered by this atoms only if its helicity
has a projection on the direction of the dipole moment of
the atomic transition. The latter projection depending
on the direction in which the photon propagates, a spe-
cial direction will exist for which scattering vanishes, and
the photon will be able to propagate ballistically until it
reaches a boundary of the atomic cloud and escapes to
the free space. Such “escape channels” induced by the
magnetic field would decrease the lifetime of collective
states in the atomic cloud and should not favor localized
states. How can this picture be reconciled with our main
conclusion about the appearance of localized states in the
magnetic field?
To answer this question, let us consider the problem a
little bit more rigorously. The spontaneous decay of an
initially excited atom i (initial state Je = 1, m) leads to
the emission of a photon propagating along a direction
determined by angles θ, ϕ of the spherical coordinate sys-
tem (see Fig. S8). To describe the polarization properties
of radiation we will use the so-called spiral basis although
FIG. S8. Illustration of the processes of emission of a photon
with right helicity on the transition Je = 1, m = 1 → Jg =
0 of the atom i and its absorption on the transition Jg =
0 → Je = 1, m = 1 of the atom j. For angles θ close to
pi, the probability of absorption is small corresponding to the
long scattering mean free path of the photon in a medium
containing many atoms. But the probability of emission of a
photon in such a direction is small as well so that such rare
weakly scattering photons do not play a role in the statistical
analysis that we present in the main text of the Letter.
the subsequent discussion can be repeated for the linear
basis as well. The unit vectors of the spiral basis are de-
noted by e′−, e
′
0 and e
′
+. e
′
± correspond to the right (+)
or left (−) helicity of the photon whereas e′0 is parallel
to the direction of its propagation. In the rotating wave
approximation the probability of emission of a photon
with polarization e is determined by the scalar product
of e∗ and the dipole moment of transition dgieim [S9].
The three atomic transitions from excited states Je = 1,
m = −1; Je = 1, m = 0; Je = 1, m = 1 to the ground
state Jg = 0 are characterized by three different vectors
of the transition dipole moment dgieim . The latter are
parallel to unit vectors of the cyclic coordinate system
e−, e0 and e+, respectively, with the quantization axis z
chosen parallel to the external magnetic field B.
Because for a given atomic transition the probability of
emission and of subsequent interaction of a photon with
other atoms is determined by projections of spiral unit
vectors on cyclic ones, a relation between the two bases
is necessary to proceed. Such a relation can be found,
for example, in Ref. [S10] and involves the direction of
propagation of the photon determined by the angles θ,
ϕ:
e+ =
1
2
[
e′+(1 + cos θ)−
√
2e′0 sin θ
+ e′−(1− cos θ)
]
exp(iϕ), (S5)
e0 =
1√
2
[
e′+ sin θ +
√
2e′0 cos θ − e′− sin θ
]
, (S6)
e− =
1
2
[
e′+(1− cos θ) +
√
2e′0 sin θ
12
+ e′−(1 + cos θ)
]
exp(−iϕ). (S7)
Projecting cyclic unit vectors onto spiral ones we can de-
termine the angular dependence of the probability am-
plitude of emission of a photon with a given helicity.
To start with, consider a photon emitted on the transi-
tion Je = 1, m = 1→ Jg = 0. In this case, the transition
dipole moment dgieim is parallel to e+. From Eq. (S5)
we see that probability amplitude A+ for the photon to
have right helicity is proportional to 12 (1 + cos θ) exp(iϕ)
whereas the probability amplitude of having left helic-
ity A− will be 12 (1 − cos θ) exp(iϕ). Photons with dif-
ferent helicities have different mean free paths. To es-
timate the latter, let us consider the probability B± of
absorption of these photons by a second atom (atom j
in Fig. S8) initially in the ground state Jg = 0. We as-
sume that the photons are resonant with the transition
Jg = 0 → Je = 1, m = 1 and neglect the existence of
two other transitions which is justified in a strong mag-
netic field when the three transitions corresponding to
different m have very different frequencies.
Similarly to the emission probability amplitude, the
absorption probability amplitude for a photon of right
(left) helicity is determined by the scalar product of
the unit vector e+ (e−) and the dipole moment dejmgj .
Because 〈Jm|Dˆj |J ′m′〉 = 〈J ′m′|Dˆj |Jm〉∗, the required
scalar product can be calculated using the complex con-
jugate of Eqs. (S5–S7). This yields the absorption proba-
bility amplitudes B+ =
1
2 (1 + cos θ) exp(−iϕ) and B− =
1
2 (1 − cos θ) exp(−iϕ) for photons of right and left he-
licities, respectively. On the one hand, these absorption
amplitudes are smaller than those in the absence of mag-
netic field, when the photon emitted by the first atom
is resonant with all three transitions of the second one.
Moreover, for certain combinations of helicity and prop-
agation direction (e.g., for the right helicity and θ = pi or
for the left helicity and θ = 0), the absorption amplitude
vanishes which corresponds to propagation without scat-
tering and an infinitely large scattering mean free path
for photons of these precise helicities in these precise di-
rections. However, on the other hand, for the particular
directions in which the probability amplitude of photon
absorption by the atom j, B±, vanishes, the probability
amplitude of photon emission by the atom i, A±, vanishes
as well. In other words, there exist indeed certain com-
binations of helicity and propagation direction in which
scattering is absent such that the corresponding photon
would leave the atomic medium ballistically. However,
the probability of emission of such a photon by an atomic
excited state is zero and these particular combinations of
helicity and propagation direction cannot serve as decay
channels for the excited atomic states.
An extension of the above reasoning to photons emit-
ted not exactly but close to the “critical” directions iden-
tified above shows that the scattering mean free path of
these photons will be large but finite, whereas the prob-
ability of their emission will be small. As a result, they
do not have any special influence on the quantities stud-
ied in the main text of the Letter (although, as we will
see below, they are fully taken into account in our anal-
ysis). For example, no atomic states with anomalously
short lifetimes appear due to these photons as can be veri-
fied by comparing eigenvalues of the random Green’s ma-
trix (2) with and without the external magnetic field B.
Moreover, the average lifetime of collective atomic states
remains equal to Γ0/2 (which follows from 〈ImΛ〉 = 1)
independent of B.
The arguments presented above can be repeated for
the two other transitions with the conclusion remaining
exactly the same. For a photon emitted on the transi-
tion Je = 1, m = −1→ Jg = 0, for example, the angular
dependencies of emission and absorption probability am-
plitudes are given by the same equations as for the pho-
ton emitted on the Je = 1, m = 1 → Jg = 0 transition
with right and left helicities interchanged. For a photon
emitted on the transition Je = 1, m = 0 → Jg = 0 the
emission and absorption amplitudes are proportional to
± sin θ/√2 for the right (+) and left (−) helicities, re-
spectively. Once again, the directions θ = 0, pi with a
vanishing absorption probability correspond to a vanish-
ing emission probability as well. We believe that the dif-
ference in the dependencies of emission/absorption prob-
abilities for different helicities on the propagation direc-
tion for m = 0, ±1 may be at the origin of the pe-
culiar difference observed between the localized states
appearing near ReΛ = ±2∆ (states resonant with the
transitions Je = 1, m = ∓1 → Jg = 0) and extended
states near ReΛ = 0 (states resonant with the transi-
tions Je = 1, m = 0 → Jg = 0) although more work
is required to establish a precise link between the two
phenomena.
Finally, we would like to note that the analysis pre-
sented above allows for calculating the total probability
amplitude Cm for an atom to get excited by the photon
emitted by another atom (see Fig. S8). Important for us
is the dependence of this amplitude on the angles θ and
ϕ that can be obtained by multiplying the probability of
emission A by the probability of absorption B and then
summing over the two helicities. We obtain
C± ∝ 1
4
(1 + cos θ)2 +
1
4
(1− cos θ)2
= 1− 1
2
sin2 θ, (S8)
C0 ∝ sin2 θ. (S9)
These results coincide with those that can be obtained
from the Green’s matrix (2). Indeed, for two atoms i and
j separated by a distance rij much exceeding the wave-
length, the probability amplitude of photon scattering on
the resonant transition following from Eq. (2) is
Cm ∝ |dmgjejm |2
(
1− |r
m
ij |2
r2ij
)
. (S10)
Here dmgjejm and r
m
ij are the cyclic components of the vec-
tors dgjejm and rij , respectively. Equation (S10) reduces
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to C± ∝ 1− 12 sin2 θ and C0 ∝ sin2 θ and coincides exactly
with the predictions of Eqs. (S8) and (S9).
CONCLUSIONS
The analysis presented in section I clearly shows that
the localization transition discovered in the main text
exhibits a number of features expected for the disorder-
driven, Anderson localization transition. In particular,
the minimum decay rate of quasi-modes decreases ex-
ponentially with sample size beyond a certain critical
number density of atoms (section I B) and the mutual
repulsion of complex eigenvalues is suppressed (section
I C). In addition, the localized states under study can
be clearly distinguished from subradiant states localized
on pairs of closely located atoms due to very different
values of the corresponding eigenvalues Λ (ReΛ near the
resonances ReΛ ' −2m∆ for the new discovered local-
ized states but ReΛ far from resonances for the two-atom
subradiant states, see section I A). Despite this, however,
it would be premature to claim that the discovered tran-
sition is a standard Anderson transition because the role
of cooperative phenomena and of dipole-dipole interac-
tions between atoms still remains to be clarified.
In section II we have demonstrated that escape
channels—special combinations of polarization and prop-
agation direction for which a photon is not scattered
by the atoms,—do not affect the lifetime of the excited
atomic states and are thus compatible with the localiza-
tion transition discovered in the main text of the Letter.
This is due to the relation that exists between the emis-
sion and absorption diagrams of two-level atoms in the
magnetic field. The latter relation leads to a vanishing
emission probability for photons that would have a van-
ishing absorption probability. Therefore, such photons
are not emitted by the excited atomic states and thus
the escape channels cannot serve as efficient decay chan-
nels for the excited atomic states.
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